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Abstract

The Beltrami fields are extremely important for the desc-
ription of time-harmonic electromagnetic fields in chiral

media.
in chiral media,

for

This paper introduces the spherical Beltrami fields
extending the corresponding known results
for plane electromagnetic waves.

Two key theorems are given

the scattering of spherical electromagnetic waves in
chiral environment from a perfect conductor:

the Reciprocity

and the General Scattering theorems.
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Introduction

The name "Beltrami field"
comes from the fact that
these fields A satisfy the
equation type VxA=adA,
where a=#0 1is a reciprocal

length [1]. The word chiral
regards the concept of '"chi-
rality", derived from the

Greek word hand. In geometry,
a figure is chiral if it can-
not be mapped to its mirror
image by rotations and tran-
slations alone. Typical exam-
ples are human hands, snail
shells, spirals and spirals
in general.

The discoveries of natural
optical activity in special
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materials have been known
since the beginning of last
century. Though optical acti-
vity has been considered in
optics and in quantum mecha-
nics for many vyears, its
analysis within the framework
of classical electromagnetic
field theory arose much la-
ter. Recently, there has been
a considerable interest in
the study of scattering and
diffraction by chiral medium.
Chiral media are 1isotropic
birefringent substances that
respond to either electric or
magnetic excitation with both
electric and magnetic polari-
zations. Such media have been
known since the end of the
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nineteenth century (e.g. the
study of chirality by Pas-
teur) and find a wide range
of applications from many
sciences [1].

In general, the electro-

magnetic fields inside the
chiral medium are governed by
Maxwell equations together

with Drude-Born-Fedorov equa-
tions in which the electric
and magnetic fields are coup-
led [1]. The chiral medium is
characterized by the electric
permittivity €, magnetic per-

meability p and chirality
measure 3.
Scattering problems with

incident waves have been stu-
died: for spherical acoustic
waves in the works [2]-[4],
as well in the works [2], [5]
for spherical electromagne-
tic waves in non-chiral elec-
tromagnetic waves and finally
for spherical electromagne-
tic waves in chiral media in
the works [6], [7].

In this work, we derive
reciprocity relation and gen-
eral scattering theorem, from
spherical electromagnetic wa-
ves emanating from point sour-
ces in chiral media and scat-
tered by a perfect conductor.
Similar theorems are proved,
analogously, for a chiral di-
electric [6], [7].

As it is well known [1], in
a homogeneous isotropic chi-
ral medium the electromagne-
tic field is composed of left
-circularly polarized (LCP)
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and right-circularly polari-
zed (RCP) components which
are propagated independently
and with different phase
speeds. When either a LCP or

a RCP or a linear combination
of LCP and RCP electromagnet-
tic waves is incident upon a
chiral scatterer then the
scattered field 1is composed
of both LCP and RCP compo-
nents. So, using Bohren de-
composition [1], [6], [7],
the electromagnetic waves are
expressed in terms of LCP and
RCP Beltrami fields. The use
of the Beltrami fields for
problems of scattering in
chiral material 1leads to a
more simplified relationship.

This is due to the fact
that the differential equa-
tions which satisfy Beltrami
fields is of first order whi-
le the electric and magnetic
field satisfy the Helmholtz
modified equation which is of

second-order. Moreover, the
Beltrami equations and the
conditions of radiation for
the Beltrami fields are in
effect separately for each

one of them but on the scat-
terer surface, when applying
the boundary conditions, both
Beltrami fields are present.
This fact makes easier to use
these equations mainly in
scattering problems where the
behavior of the scattered
field away from the scatterer
is studied.

In the second section, we
formulate the problem for
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spherical electromagnetic wa-
ve in a chiral medium. In the
third section we formulate
the problem of electromagnet-
tic wave scattering from a
perfect conductor as a fun-
ction of the Beltrami fields
using the Bohren transforma-

tion. The spherical Beltrami
fields are defined in the
fourth section. Finally, Re-
ciprocity relation and the

General Scattering theorem are
given in fifth section.

Problem Formulation

Let Q@ be a bounded and
closed subset of R® having a
Cz-boundary S, 0N =S.
The set Q will be referred
to as the scatterer. The ex-
terior Q' =R%®/Q  of the scat-

terer is an infinite isotro-
pic homogeneous chiral medium
with electric permittivity g,
magnetic permeability p and
chirality measure B.

The scatterer 1is filled
with a isotropic chiral me-
dium with corresponding phy-

sical parameters € ,pu and
B~. All the physical parame-

ters are assumed to be real
positive constants.

Let (', H°) be a time-

Harmonic spherical electro-
magnetic wave, due a point

i.e.

respect to an origin O in the
vicinity of Q.

This wave is incident upon
the scatterer Q and let
(E;;, H') be the corresponding
scattered field. Then the to-
tal electromagnetic field
(E;, H ) in Q" is given by

E,,(r) = E;°(r) + EX'(r)
t inc sc ( 1 )
H, (r) = H"(r) + H.'(r)

We assume that the scat-

tered field satisfies the
Silver-Miller radiation con-
dition

LEC(r) + FxHE(r) = o(r™),

n (2)

r — o

uniformly in all directions,
resS?, where S* is the unit

sphere in R?®,
12

r=\rl, ¥=r/r
and n=(u/g)’“is the intrinsic
impedance of the chiral me-

dium in Q". It is known [8],
that (2) can be replaced by

FxEZ(r) —nHy(r) =o(r™),

r — ©

(3)

uniformly in all directions,
FeS®. The total electric

field E™" satisfies the boun-
dary condition:

source located at a point
with position vector r, with [y E(r)=0, res (4)
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where n 1is the unit vector
perpendicular to the outer
surface S. In view of the
Drude-Born-Fedorov constitu-
tive relations [1], the total
exterior electromagnetic field
satisfies in the source-free

region Q" the modified Max-
well equations

V xE, (r) =BYy’E, (r) +

(5)
+iop XK, (r)
V x H () = By?HE (r) +
(6)
- iwe (0 EL ()
where
2
Ki=o'en, y'=1—" a7 _kkzﬁz (7)

with |Bk| <1, [1].

We note that (in contrast
to the non-chiral case) k 1is
not a wave number, but just a
parameter without physical
significance which has dimen-
sions of inverse length and

w>0 1is the angular fre-
guency. The system of rela-
tions (5), (6) can be written
as

t . t
Bl | KB el B g
VxH, kK7 | -iwe KB || H

Beltrami Fields
As it is well known [1],
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independently and with dif-
ferent phase speeds. So, we
consider the Bohren [9], de-

composition of E,_ and H,
into suitable Beltrami fields
Q, and Q.. , as follows

Ent'g = QL,rB + QR,r,3 (9)

e _ 1 _
H, = (0 - Qo) (10)

where n=(u/g)”* is the impe-
dance of the material.

Because the transformation
Bohren the relation (8) 1is
written:

V x
Q| _ [VL 0 } Q. (11)
V x QR,rB 0 _VR QR,rB

or equivalent

{V X QL,r9 = yLQL,r9

(12)
V x QR,rB == VRQR,rB

where vy, ,y, are wave numbers

for Beltrami fields Q,.,Qg,
and are given by,
k k

- Ve = 13

V=T ke Y T 1 ke (13)

respectively. Applying the

transformation Bohren we

split the field E;, H, into
the Beltrami fields Q,, Q,
so that the problem (2)-(6)

[10], in chiral media LCP and becomes equivalent to the
RCP waves can both propagate following problem: We are
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looking for Q,, Q. in Q°
such that

VXQL(r)ZYLQL(r)I reQ (14)
V x QR(r) == yRQR(r) , reQ’ (15)

ﬁxQL(r):i\/gﬁxQR(r), resS(16)

Spherical Beltrami Fields

So, we consider the Bohren
decomposition of E; and H;™
into suitable incident sphe-

rical Beltrami fields Q'
and ch which have the form
(61, [71,

Q7 (r|p,) = AB.(r, r,)-B, (19)
FxQr) +1Q,(r) = o(F), r - = (17)
ll?né(rlpR)_ABR(r r)pR (20)
P x Qu(r)=iQe(r) = o), r >« (18) here
B(rr) =Yy i+ Lyvey < B)h(y,|r - r,) (21)
8my Yi
Bo(r, 1,) = VR Syl + VY =V DAyl i) (22)

and h(x) =e™/(ix) is the ze-
roth order spherical Hankel
function of the first kind
and I=xx+yp+2z is the
identity dyadic. We recall
that B,and B, are the funda-

mental Green dyadics, for the
Beltrami fields [1], [11].

The constant unit vectors p,

The constants A and A

are evaluated so that as the
location of the point source
goes to infinity along the
ray in the direction r,, the
spherical fields degenerate
into plane LCP and RCP Bel-
trami fields propagated in a

direction from r, towards O,

K . with polarizations p, and
and p, are assumed to satisfy b respectivel Using the
the relations: RY : v

asymptotic forms:
':e ﬁsze’ﬁRzo “ 1
K |r—-%|=15—-g-r4—0(F0,
r,xp,=1ip, (23) °
r—-r s 1
2 BPS =-r,+0(= 24
Fo X Pr=—1P; |r_r0| o (I"O)' (24)
Fy—> ©
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in the relations (19) and
(20) we obtain [6], [7],
1nc 26 o
Qi (rip;)=A SR (-F,)-
-ﬁje*””“w(—z), (25)
r@
ry = o
for j=L, R, where
K.(F,) = $(T - if,xI)  (26)
Ro(-Fo) = 2(T - Rfy + ifxT)  (27)
In view of (23) the dy-

adics K, and K, satisfy the

relations

{ﬁL = RL(_fo)'ﬁL
(28)

FA’R = RR(_FG))'FA,R

Hence, if we take

4my?
ky,

2

4TTV
kyy

A =r,e e

(29)

A, = r,e e
then

Lim QU (r|B,) = ™", =

° ‘ (30)

= Q) (r;

It is convenient to write

the incident spherical Bel-
trami fields as [6], [7],

_f.(f)l ﬁ])
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ne u ~
QI 1B) =Ty b (31)
ne h(ypu), -~
Q1P = P B (32)
where
r = (VLI+VVV+V><I) (33)
F-_1nfslvyvy_ i
Fo= gy (vl + 51V =V xD)  (34)

and 11=|r—-g|. Using asympto-
tic forms (24) for r—-> o we

obtain [6], [7],
Qr(r 1B, =FrE1B,)h(y,r) +
(35)
*‘0(;?)
where
Fl"°<r|pj>—,,(yr) K,(F)B, (36)

are the far-field patterns of
the point source incident
Beltrami fields, which sati-
sfy the relations

P (P16, =0 (37)
The
field E
on the polarization p,, P,

and will be have the decom-
position

scattered electric
will be dependent

E°(r [P, Pe) = Q7 (r [P, Pr)

+ Qi (F [P P)
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where

Qf,crEJ (I’ | f’u ISR) and Q;,crB (T | ﬁu f’R)
are the corresponding scat-
tered Beltrami fields, which
have the following behavior,
when r - oo [1], [10], [12]

iky,

Qj‘,cra (T | f’u ﬁR) = h(er)gj,ra (F) +

+—0(i%) (39)

The functions g;, () given by

9., (F) = —" KL(F)-J; nx (y,V x EX(r) + yE(r) )e " ds(r') (40)
- ik 7 (v ~ SC [yt SC [yt —iygf-r’ ’
9, () = 8n¥§ KR(r)'I N x (yVV x ES(r') — yE;°(r') ) "ds(r’) (41)
S

are the LCP and RCP far-field
patterns, respectively [10],
and they are dependent also

on the polarization p,and
p.. We note that the far-
field patterns g; (F) satisfy
the relations
f"gj,ra(f') = O
f- X gL,r‘9 (f-) =- igL,rB (P) (42)

X g, (F) =19, (F)

Reciprocity and General
Scattering Theorems

For two vector functions
u and v we introduce the bi-
linear form [10],

{ul V}s =

= [A:(UxVxV-vxVxu)dS-(43)
S

— 2By?*[ A-(u x v)dS

where S 1is the surface of
the scatterer Q and A is
the outward unit vector on
S. We, also, consider two
locations for the point sour-
ce, a and b from which the
time-harmonic incident sphe-
rical electric waves

Einc (rl ﬁu ﬁR) =
inc ~ inc - (44)
= QL,o (r | pL) + QR,o (r | pR)

and
scattered

for o=a,b, emanate. E;
the corresponding
electric waves E) of form

(38), have the Bohren decom-
position of (9) in terms of
LCP and RCP Beltrami fields.
In particular, we have

inc _ @minc inc
{Eo - QL,a + QR,o

sc _ psc sc
Eo - XL,0 + QR,o

(45)

and the following properties

for the fields Qj; and Q3
(61, [71:
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[Q@(r p), Q5 (r 18, 8e)3s = 2L
{anc(r p;_)l Q (r | qu qR)}sz 0

{QS(r;P), Qo(r 14, )3 =

1%}

{Qua(ri Pe), QI5(r 16, G.)}s =0

Now a '"reciprocity theo-
rem" for spherical electro-
magnetic waves in chiral me-
dia is formulated as follows

[61, [71]:

For any two incident
spherical electric waves
E;”C (r | ﬁLI ﬁR) and E;”C (r | ﬁLI ﬁR)

of (44) and for any scatterer
in a homogeneous isotropic
chiral medium, we have:

-iy,a N N N
LQf,cb(a | qLI qR)'pL +

—iyga ~ ~ ~
+ ae QSR‘,:b(a | q., qR)'pR:
(50)

iyb
be be o (b4, d,) 4, +

Yr ~ ~ ~
+beV—R RACIE G RRCR

Let

E;“(rlp., ;) and ES(r|p, )
be two incident spherical wa-
ves of the form (44). We de-
fine spherical far-field pat-
tern generators for LCP and
RCP spherical Beltrami fields

by
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(46)

(47)

A-(Qxa (1 Pe) x Qi (r | G, ) ds(r) (48)

(49)

aeiVLa )
lyj

%5'[ gj’b(a|qL’qR)'meiy’*f'ads(f) _

Gj,b(a | qu QR) =

-Q5L(@la, ae)} (51)

for j=L,R.

This terminology and defi-
nition is appropriate because
when both the observation
point and the source goes to
infinity, 6,,(alq, Q;), reduce
to the far-field patterns for
an 1incident plane electric
wave propagating in the di-
rection -b and of polariza-
tions @, for LCP and gq, for
RCP fields. Far-field pattern
generators in acoustic and
achiral electromagnetic scat-
tering have been defined in
[13]. When the point sources
are transferred at infinity,
the generators G,,(a|q,, q;) are

transformed into far-field
patterns scattering spherical
electrical wave, namely [6],

(71,
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'}i‘TGj,b(aquIQR):gj,b(_alt’iquR) (52)

Using this notation, the
"general scattering theorem"
for spherical electric waves
in chiral media is formulated
as follows [6], [7]:

Let

E.(r [P, P:) and E(r|B,, Pe)

scatterer in a chiral medium.
Then it is valid

GL,b(a | qLI qR)'ﬁL + GR,b(a | qL’ qR)'f)R +

+ GL,a(b | lsu st)'qL + GR,a(b | r)u ﬁR)'qR:

o{ j F“ L (F)-F5 (P)dS(F) +

be two spherical electric wa- I F“(r)F“(f)dSGﬁ} (53)
ves of (44) incident upon a
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